6. Algorithm

This section describes the algorithm used when MT5 is in the “Moment Tensor Analysis” mode (see sections 4 and 8). When MT5 is operating in the “Double Couple Analysis” mode, it uses the same algorithm as SYN4 (see description in McCaffrey et al, 1991). 

A seismic source can be generalized as a moment tensor with components representing one tensile “moment” (sometimes called vector dipole) and two shear moments on each of the three moment arm axes of an orthogonal coordinate system (Figure 5). The moment tensor components in the MT5 analysis are named for the three local cartesian coordinates, n (North), e (East) and d (down) to eliminate ambiguity in vector direction. Naming convention for moment tensor elements is Mij, where i is the subscript for direction of the force giving rise to the moment and j is the direction of the arm that the moment is acting on. Because of arguments involving conservation of angular momentum (Jost and Hermann, 1989; Gilbert, 1970), the moment tensor matrix is symmetric such that Men=Mne, Mdn=Mnd and Mde=Med. Thus the moment tensor can be expressed by 6 unique matrix elements Mnn, Mee, Mdd, Mne, Mnd and Med. 

Table 2 can be used to correlate nomenclature between the various analyses that are currently in use. Note that the Mij values in MT5 are normalized by the scalar seismic moment M0 (e.g., Mnn*M0 equals Mxx of Aki and Richards, 1980). 

TABLE 2: Moment tensor element naming conventions
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Conventions:

Mij
where:
i = direction of force
j = direction of arm
n = x = north
e = y = SYMBOL 70 \f "Symbol" = east
d = z = r = down
SYMBOL 81 \f "Symbol" = colatitude (SYMBOL 81 \f "Symbol" = 0 at North Pole)

The time-varying amplitude A(t,p) of each phase of a waveform as recorded on a seismogram at a station is a convolution of the earthquake source displacement time history S(t), the Green’s function G(d,p) for the travel path of the phase through the earth, and the instrument response function I(t) of the seismograph, where t means time, p is phase, and d relates to relative positions of eq and station. 

Thus the total seismogram is just

(1)
A(t)
= ∑A(t,p) = ∑(S(t)*G(d,p)*I(t)) 
= S(t)*∑G(d,p)*I(t),


where:
∑G(d,p) is the sum of the Green’s functions over all the phases


and:
* is the convolution operator.

In equation 1, Green’s functions G(d,p) includes the product of geometrical spreading factor Gs (Langston and Helmberger, 1975), anelastic attenuation Q, and scattering (reflection and transmission) coefficients from Aki and Richards (1980, Eqn.s 5.32 and 5.39). A time delay for each reflected phases is based on ray path geometry. Arrival times for the main P and S phases are not variables in MT5 because they are predefined by the arrival time picks done on the input waveform data using the MT5INT program. 

The instrument response function I(f) in equation 1 can come from one of three sources. MT5 supplies them for standard WWSSN seismographs. GDSN records include the instrument response poles and zeros along with the seismic data. The user must supply the instrument response for other seismograph types.

Instrument responses are internally converted by MT5 into frequency response constants in terms of displacement-type input ground motion. If the instrument response is given in terms of velocity as the input ground motion, the internal frequency response constants are converted to displacement-type by multiplying by Omega (frequency in radians/sec) and advancing the phase by π/2. Acceleration frequency response constants are converted by the same method applied twice. 

The source term S(t) in equation 1 is generated by MT5 using an estimated moment tensor M and source time function M0(t). The source term S(t) is composed of three elastic wave types: P (primary or pressure), Sv (secondary or shear - vertical component), and Sh (secondary or shear - horizontal component). The amplitude of each of these waves is related to the normalized moment tensor M, the source time function M0(t), and the direction of propagation from the source, denoted by azimuth SYMBOL 70 \f "Symbol" (measured clockwise from local north) and takeoff angle SYMBOL 81 \f "Symbol" (relative to local down direction). The equations (based on Fitch et al, 1980) are: 

(2)
P(M,M0,SYMBOL 81 \f "Symbol",SYMBOL 70 \f "Symbol")
=
M0(t) (Mnn sin2SYMBOL 81 \f "Symbol" cos2SYMBOL 70 \f "Symbol" + Mee sin2SYMBOL 81 \f "Symbol" sin2SYMBOL 70 \f "Symbol"
+ Mdd cos2SYMBOL 81 \f "Symbol" + Mne sin2SYMBOL 81 \f "Symbol" sin2SYMBOL 70 \f "Symbol"
+ Mnd sin2SYMBOL 81 \f "Symbol" cosSYMBOL 70 \f "Symbol" + Med sin2SYMBOL 81 \f "Symbol" sinSYMBOL 70 \f "Symbol")


Sv(M,M0,SYMBOL 81 \f "Symbol",SYMBOL 70 \f "Symbol")
=
M0(t) (SYMBOL 189 \f "Normal Text"Mnn sin2SYMBOL 81 \f "Symbol" cos2SYMBOL 70 \f "Symbol" + SYMBOL 189 \f "Normal Text"Mee sin2SYMBOL 81 \f "Symbol" sin2SYMBOL 70 \f "Symbol" - SYMBOL 189 \f "Normal Text"Mdd sin2SYMBOL 81 \f "Symbol" + SYMBOL 189 \f "Normal Text"Mne sin2SYMBOL 81 \f "Symbol" sin2SYMBOL 70 \f "Symbol"
+ Mnd cos2SYMBOL 81 \f "Symbol" cosSYMBOL 70 \f "Symbol" + Med cos2SYMBOL 81 \f "Symbol" sinSYMBOL 70 \f "Symbol")


Sh(M,M0,SYMBOL 81 \f "Symbol",SYMBOL 70 \f "Symbol")
=
M0(t) (-SYMBOL 189 \f "Normal Text"Mnn sinSYMBOL 81 \f "Symbol" sin2SYMBOL 70 \f "Symbol" + SYMBOL 189 \f "Normal Text"Mee sinSYMBOL 81 \f "Symbol" sin2SYMBOL 70 \f "Symbol"
+ Mne sinSYMBOL 81 \f "Symbol" cos2SYMBOL 70 \f "Symbol"
- Mnd cosSYMBOL 81 \f "Symbol" sinSYMBOL 70 \f "Symbol" + Med cosSYMBOL 81 \f "Symbol" cosSYMBOL 70 \f "Symbol")

The azimuth SYMBOL 70 \f "Symbol" in equations 2 is the geographic azimuth from the source to the station. For each phase arriving at a station, ray takeoff angle SYMBOL 81 \f "Symbol" is determined by the seismic wave velocity at the source (Vs) and the ray parameter p from the Jeffrey-Bullens tables (J-B tables). 

(3)
SYMBOL 81 \f "Symbol" = sin-1(Vs p).

Seismic wave velocities for P and S waves at the source are user inputs to MT5 and the ray parameters are from J-B tables for P and S waves using the depth h of the source and the great circle distance Δ between source and station. 

Synthetic waveforms A(t) are generated by MT5 for each station using the algorithm given in equation 1 and detailed above. Waveform inversion in MT5 minimizes the weighted squares of residuals between the synthetic seismograms and the actual waveforms summed over all of the stations. The weighting of the various parameters in the inversion can be assigned by the user and the source time function weighting can also be dynamically adjusted by MT5 during the inversion to stay within positivity bounds. 

Waveform inversion:

The waveform inversion method is similar to that used in SYN4 (McCaffrey et al, 1991). The primary difference is that the P, Sv, and Sh wave amplitudes (equations 2) vary linearly with respect to the moment tensor elements. Thus, for fixed source time function duration and depth, the moment tensor can be solved in a single iteration. MT5 uses multiple iterations to solve for the depth of the earthquake, because depth is not linearly related to seismogram amplitude. 

MT5 employs a two-step sequence within each main iteration to solve for the source time function M0(t) separately from the moment tensor. This method is used for computational simplicity since a single (normalized) moment tensor is being sought rather than a time-varying (normalized) moment tensor. Thus the resultant normalized moment tensor represents the best time-stationary tensor for the earthquake and the source time function represents the best time history of the seismic moment release corresponding to that normalized moment tensor. This approach has proven numerically stable and numerous tests have shown that the values of moment tensor and source time function show insignificant change after two iterations (with other parameters held fixed). 

Conversion between moment tensor and double couple:

A double couple source mechanism is defined by strike, dip and rake with the standard nomenclature and orientation convention given in Aki and Richards (1980, Fig 4.13) where: 

SYMBOL 70 \f "Symbol"
=
strike
SYMBOL 100 \f "Symbol"
=
dip
λ
=
rake

The double couple mechanism can be characterized as a moment tensor with a zero trace (Mnn + Mee + Mdd = 0). For the conversion of a double couple mechanism to the equivalent moment tensor elements, normalized by M0 (from Table 2 and Aki and Richards, 1980, Box 4.4): 

(4)
Mnn = -(sin SYMBOL 100 \f "Symbol" cos λ sin 2SYMBOL 70 \f "Symbol" + sin 2SYMBOL 100 \f "Symbol" sin λ sin2 SYMBOL 70 \f "Symbol")
Mee = sin SYMBOL 100 \f "Symbol" cos λ sin 2SYMBOL 70 \f "Symbol" - sin 2SYMBOL 100 \f "Symbol" sin λ cos2 SYMBOL 70 \f "Symbol"
Mdd = sin 2SYMBOL 100 \f "Symbol" sin λ
Mne = sin SYMBOL 100 \f "Symbol" cos λ cos 2SYMBOL 70 \f "Symbol" + SYMBOL 189 \f "Normal Text" sin 2SYMBOL 100 \f "Symbol" sin λ sin 2SYMBOL 70 \f "Symbol"
Mnd = -(cos SYMBOL 100 \f "Symbol" cos λ cos SYMBOL 70 \f "Symbol" + cos 2SYMBOL 100 \f "Symbol" sin λ sin SYMBOL 70 \f "Symbol")
Med = -(cos SYMBOL 100 \f "Symbol" cos λ sin SYMBOL 70 \f "Symbol" - cos 2SYMBOL 100 \f "Symbol" sin λ cos SYMBOL 70 \f "Symbol")

The reverse of the above is the conversion of a moment tensor into the best double couple solution. This is done by eigenvalue decomposition (Jost and Herrmann, 1989). First the moment tensor M of the synthetic seismogram is adjusted to have a zero trace by subtracting the isotropic contribution (Mnn+Mee+Mdd)/3 from each of the diagonal elements (Mnn, Mee, Mdd) to get a deviatoric-only moment tensor Md. An eigenvalue decomposition of this tensor yields an eigenvector matrix V representing the P, T, and B vector directions (pressure, tensile, and neutral axes of the earthquake) and an eigenvalue vector representing the amplitudes in each direction. 

The fault plane orientation is found from the eigenvector matrix V: 

│ T │ = │ Tn Te Td │
V
=
│ P │ = │ Pn Pe Pd │


│ B │ = │ Bn Be Bd │ 
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(5)


Vstrike
=
S1 /│S1│
Vdip
=
VStrike X R2
 

=
(-R2d * VStrikee , R2d * VStriken ,


 
R2n * VStrikee - R2e * VStriken) 

Vrake
= VStrike X R2U
 

= (VStrikee * R1d , -VStriken * R1d ,


 
VStriken * R1e - VStrikee * R1n) 

(6)
SYMBOL 70 \f "Symbol"
=
strike = tan-1( Vstrikee / Vstriken ) 

SYMBOL 100 \f "Symbol"
=
dip = sin-1(│Vdipd│ ) 

λ
=
rake = sin-1(│Vrake│ ) 

where:
e, n, d are east, north, down directions
V
=
vector (Ve,Vn,Vd)


│V│
=
length of V = SYMBOL 214 \f "Symbol"(Ve2 + Vn2 + Vd2)
R1, R2, S1 are intermediate vectors in the solution 

Note that this is a solution for strike, dip and rake for one of the two possible fault plane orientations. The other fault plane orientation is derived from R1 and R2 in similar fashion. These fault plane orientations are adjusted to correspond to a lower hemisphere stereonet projection of rupture. If a best double couple solution has been previously found for a moment tensor analysis, MT5 picks, as the primary fault plane, the orientation which is closest to that of the previous double couple solution. The remaining fault plane orientation then becomes the auxiliary plane.       

Seismic moment:

Scalar seismic moment M0 is determined from a given moment tensor (Jost and Herrmann, 1989) by

(7)
M0 = SYMBOL 189 \f "Normal Text" (│m1│ + │m2│ )

where m1 is the T axis eigenvalue and m2 is the P axis eigenvalue. The mi eigenvalues result from the eigenvalue decomposition of the full M moment tensor including isotropic component.

Scalar seismic moment may also be estimated (Silver and Jordan, 1982) by: 

(8)
M0 
SYMBOL 187 \f "Symbol" ( SYMBOL 189 \f "Normal Text" ∑Mij2 )SYMBOL 189 \f "Normal Text"
(9)

SYMBOL 187 \f "Symbol" ( SYMBOL 189 \f "Normal Text" ∑mi2 )SYMBOL 189 \f "Normal Text"
MT5 uses the relation in equation 8 on the M matrix to calculate the total scalar seismic moment M0, and on the Md matrix to calculate the deviatoric portion Mdev of the seismic moment. The isotropic portion Miso of the seismic moment is simply (Mnn+Mee+Mdd)/3 which corresponds to a signed form of equation 7 applied to the isotropic-only part of M. In this form, a Miso>0 represents expansion (explosion) in the earthquake source region and a Miso<0 means contraction (implosion). 

Moment tensor nodal representation:

The P, Sv, and Sh nodes are determined in MT5 by solving equations 2 for SYMBOL 81 \f "Symbol" as a function of SYMBOL 70 \f "Symbol" when P, Sv, and Sh = 0. These nodal intersections with a lower hemisphere stereonet can be viewed on the screen and/or as hardcopy plots. Unlike the stereonet of a double couple seismic source, the plots of P and Sh nodes do not describe orthogonal planes if the moment tensor has an isotropic component. 
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